Abstract. In this paper, we determine when two Cayley graphs over the cyclic group Z pq 2 are to be isomorphic, for p = q prime numbers. and we determine the all types of automorphism groups of these graphs.
Introduction
A Cayley graph over a finite group H defined by a connection set S ⊆ H has H as a set of nodes and arc set Cay(H, S) := {(x, y) : xy −1 ∈ S}. A circulant graph is a Cayley graph over a cyclic group. Two Cayley graphs Cay(H, S) and Cay(K, T ) are Cayley isomorphic if there exists a group isomorphism f : H → K which is a graph isomorphism too, that is Cay(H, S) f = Cay(K, T ) ⇔ S f = T . For a group H, let H R be the right regular group of H consisting of the right translations h R : x → x h for all h ∈ H. The group H(H) = N S H (H R ) is called the holomorph of H, and H(H) = (AutH)H R . Let AutΓ be the automorphism group of Γ, i.e the group of all permutations f ∈ Sym(H) such that (x, y) ∈ E(Γ) ⇔ (x f , y f ) ∈ E(Γ). The automorphism group of a Cayley graph Cay(H, S) contains a regular subgroup H R ≤ Sym(H), and any graph Γ = (Ω, E) is isomorphic to a Cayley graph over a group H if and only if Aut(Γ) contains a regular subgroup isomorphic to H.
There are two main approaches to the isomorphism problem of Cayley graphs: group-theoretical and algebraiccombinatorial. The first one was developed by [11, 12, 13, 14, 15, 16] . It may be used not only for Cayley graphs but also for arbitrary Cayley combinatorial structures. The second approach, based on the ideas of algebraic combinatorics (more precisely, on the theory of Schur rings), was proposed by [1, 9, 5, 4] . This approach was recently developed and extended by [2] .
In 1936, ( [9] ) asked the following question: When a given abstract group can be interpreted as the group of a graph and if this is the case, how the corresponding graph can be constructed. The answer to this question did not prove in a general case.
[1] studied the automorphism groups of circulant graphs of order p and p.q where p = q are prime numbers. and They first solved the case p 2 , and later the solution was presented by [2] in the case p 3 . Although they have announced several times the complete solution covering all p m , p an odd prime. (see. [3] ) I. Kovacs in 2008 determined the automorphism groups of Cayley graphs on 2 m vertices see [6] . In 2012 Klin and I. Kovacs determined the automorphism groups of rational Cayley graphs of order n for n ∈ N ( see [5] ). and the only method to do that was by using Schur ring theory. In this paper we study this problem for Cayley graphs on cyclic groups of order p.q 2 where p = q are prime numbers. From now on Z n will denote a cyclic group of order n. and S n will denote the Symmetric group of degree n.
Schur-Rings:
Let H be a finite group with identity element e. We denote by QH the group algebra of H over the field Q of rational numbers. For a subset T ⊂ H, let T denote the group algebra element x∈H a x x with: a x = 1 if x ∈ T , and a x = 0 otherwise. such elements called simple quantities. A subalgebra A of QH is called a Schur ring (or S-ring) over H if the following axioms are satisfied:
1. There exists a basis of A consisting of simple quantities T 0 , T 1 , ... , T r ;
For every i ∈ {1, 2, ..., r} there exists j ∈ {1, 2, ..., r} such that T
The sets T i are called the basic sets, and the simple quantities T i the basic quantities of A. We set Bs(A) = {T 0 , T 1 , ... , T r }. A subset A ⊆ H is called an A-set, and a subgroup K ≤ H is called an A-subgroup if S ∈ A and K ∈ A respectively. An S-ring A ⊆ QH is called S-subring of A. if every element z ∈ A equal to sum of elements from A. If K is a A-subgroup of H then the subalgebra A K = A ∩ QH is an S-ring over K and Bs(A K ) = {T ∈ Bs(A) : T ⊆ K}. If K H, then we can define a quotient S-ring A/K over the factor-group H/E: Bs(A H/K ) = {T /K : T ∈ Bs(A)}. Let G be an arbitrary group such that H R < G < S H and let T 0 = {e}, T 1 , ... 
Wreath and direct product:
let A be S-ring over a group H, and E, F ≤ H be tow subgroups of H such that
then A is a direct product of A E and A F and write A = A E × A F . Definition 2.1. Let A be an S-ring over a group H and N be an A-subgroup such that N H. Then A is a wreath product, notation: A = A N A H/N if for every T ∈ A, if T N , then T is a union of N -cosets. Definition 2.2. Let A be an S-ring over a group H and E, F be A -subgroups such that H = EF and E ∩F = {e}. Then A is a tensor product, notation:
Consequently, if A is an S-ring of the direct product H = E × F such that both E and F are A-subgroups and
Let A be an S-ring over a group H, A is called wreath-decomposable (or shortly decomposable), if there is a nontrivial, proper subgroup N < H such that for every basic set T, T ⊂ N or T = ∪ x∈T xN . Otherwise, A is called indecomposable. If an S-ring is decomposable, then it can be obtained as the wreath product of two smaller S-rings.
Automorphisms of S-rings:
Let A = T 0 , T 1 , ... , T r be an S-ring over a group H. By an automorphism of A we mean a permutation of H is an automorphism of A if it is automorphism of all Cayley graphs Γ i = Cay(H, T i ), T ∈ Bs(A) and The group of all automorphisms of A will be denoted by Aut(A), and it is
T ∈ Bs(A). Now, let Q ⊆ H, and let Q be the intersection of all S-ring A such that Q ∈ A then Q be an S-ring over H and the smallest S-ring contain Q.
On the other, since G = Aut(A) and Q ∈ A then G = Aut(A) ≤ Aut Q .
S-rings over Z n
Let H = Z n be cyclic group of order n and P(n) be the group of all a ∈ Z n relatively prime to n. then P(n) can be considered as permutation group acting on the set Z n by right multiplication:
Definition 3.1. Let n ∈ N, n ≥ 2 and let A be an S-ring over Z n , and
Definition 3.2. Let H, K be two groups and A = T 0 , T 1 , ..., T r ⊆ QH, B = S 0 , S 1 , ..., S s ⊆ QK be two S-rings, then we say that A is Algabra-isomorphism with B and denote A ∼ =Alg B if and only if there exists a bijection g : Bset(A) → Bset(B) such that g is an isomorphism between the algebra A and B. and we say that A is combinatorial-isomorphism with B and denote A ∼ =com B if and only if there exists a bijection f :
If f is group isomorphism we say that f is Cayley isomorphism between A and B and denote A ∼ =Cay B Lemma 3.3. ( [7] ): let Γ H (S), Γ K (R) two Cayley graphs, and f :
1. f is combinatorial isomorphism between S and R 2. If S = ∪{B : B ∈ I} be the decomposition of S in to a disjoint union of basic sets of S with I ⊆ Bset( S ) then R = ∪{B
.., T r be an S-ring over cyclic group Z n and λ : Bset(A) → Bset(A) be algebraic automorphism of A then:
Definition 3.5. Let S ⊆ Z n and d|n we put
Lemma 3.6. Let f be algebraic automorphism of A, then for all d|n, there exists
and the proof completes with
Theorem 3.7. If Γ n (S), Γ n (R) be two isomorphic Cayley graphs, then for each d|n there exists
Proof. Let f : Z n → Z n be an isomorphism between Γ n (S) and Γ n (R) then f is combinatorial isomorphism between tow S-rings S and R , and f induces an algebraic isomorphism f * : Bset( S ) → Baset( S ) then for d|n we have:
Main results
As we know that for n = p, If Γ p (S), Γ p (R) are two Cayley graphs then we have:
Now let n = pq 2 where p = q are odd prime. then Z pq 2 = Z p ⊕ Z q 2 and every z ∈ Z n have single decomposition z = [x, r + sq] wher x ∈ Z p , r, s ∈ Z q 2 . then we have the following main result.
Theorem 4.1. Let n = pq 2 , and Γ n (S), Γ n (R) are two Cayley graphs where R, S ⊆ Z n . Assume that there exists µ ∈ Z p and γ 0 , γ 1 ∈ Z p 2 such that for all d|n we have
Proof. We define a permutation f : Z n → Z n as follows: ([x, r + sq]) f = [µx, γ 0 r + γ 1 sq]. and let z, z ∈ Z n then z = [x, r + sq], z = [x , r + s q] where x, x ∈ Z p and r, r , s, s ∈ Z q . and we have z − z = [x − x , r − r + (s − s )q]. If z − z ∈ S such that z − z ∈ S (d) for d|n then we get d|z − z so we have the follows:
consequently, f is an isomorphism between Γ n (S) and Γ n (R) Let A d be S-ring over the cyclic group Z r and put G r = Aut(A r ) then we have: Theorem 4.2. Let A be a S-ring over A n where n = p.q 2 and p = q are prime numbers then G = Aut(A) has one of the following forms:
4. W Z n where W ≤ P(n) and W does not split into a direct product of subgroup in P(p) with subgroup in P(q 2 ).
Proof. Let G = Z n which is genarated by ρ and consider the normal subgroup of G as following:
Now let A be S-ring over G with Θ(A) = Θ then we can see that Θ has one of the following forms:
• Θ 1 = {1, p, q, q 2 , p.q} then there is one class that contain all elements of G\{0} and the g.c.d of all these elements is 1. so Bset(A) = {0, G\{0}}. thus Aut(A) = S n • Θ 2 = {{1}, {p}, {q}, {q 2 }, {p.q}} then there is one rational S-ring A with Θ(A) = Θ 2 then: Bset(A) = {{0}, {H\{0}}, {L\{0}}, {K\L}, {M \H ∪ L}, {G\K ∪ M }} so every S-ring A with Θ(A) = Θ 2 has the form A = A p × (A q A q ). and generated by the following basic quantities:
, p, q, pq}} then there is one rational S-ring A with Θ(A) = Θ 3 then: Bset(A) = {{0}, {H\{0}}, {G\H}} so every S-ring A with Θ(A) = Θ 3 has the form A = A q 2 A p . where A q 2 is indecomposable S-ring. and A generated by the following basic quantities:
• Θ 4 = {{p.q}, {1, p, q, q 2 }} then there is one rational S-ring A with Θ(A) = Θ 4 then: Bset(A) = {{0}, {L\{0}}, {G\L}} so every S-ring A with Θ(A) = Θ 4 has the form A = A p.q A q . where A p.q is indecomposable S-ring. and A is generated by the following basic quantities:
And W does not split into a direct products W e p + W e q with W ∈ P(q), and W ∈ P(p). Consequently,
• Θ 5 = {{p}, {p.q}, {1, q, q 2 }} then there is one rational S-ring A with Θ(A) = Θ 5 then: Bset(A) = {{0}, {L\{0}}, {K\L}, {G\K}} so every S-ring A with Θ(A) = Θ 5 has the form A = A p A q A q . and A is generated by the following basic quantities:
• Θ 6 = {{1}, {p}, {p.q}, {q, q 2 }} then there is one rational S-ring A with Θ(A) = Θ 6 then: Bset(A) = {{0}, {L\{0}}, {K\L}, {M \L}, {G\M ∪K}} so every S-ring A with Θ(A) = Θ 6 has the form A = (A p ×A q ) A q . and A is generated by the following basic quantities:
• Θ 7 = {{1, p}, {p.q}, {q}, {q 2 }} then there is one rational S-ring A with Θ(A) = Θ 7 then: Bset(A) = {{0}, {H\{0}}, {L\{0}}, {M \H ∪ L}, {G\M }} so every S-ring A with Θ(A) = Θ 7 has the form A = A q (A q × A q ). and A is generated by the following basic quantities:
, q}, {p, p.q}} then there is one rational S-ring A with Θ(A) = Θ 8 then: Bset(A) = {{0}, {H\{0}}, {K\{0}}, {G\H ∪ K}} so every S-ring A with Θ(A) = Θ 8 has the form A = A p × A q 2 . where A q 2 is indecomposable S-ring, and A is generated by the following basic quantities:
• Θ 9 = {{p.q}, {1, p}, {q, q 2 }} then there is one rational S-ring A with Θ(A) = Θ 9 then: Bset(A) = {{0}, {L\{0}}, {M \L}, {G\M }} so every S-ring A with Θ(A) = Θ 9 has the form A = A q A q A q . and A is generated by the following basic quantities:
• Θ 10 = {{1, p}, {q, q 2 , p.q}} then there are one rational S-ring A with Θ(A) = Θ 10 then: Bset(A) = {{0}, {M \{0}}, {G\M }} so every S-ring A with Θ(A) = Θ 10 has the form A = A q A p.q . where A p.q is indecomposable S-ring, and A is generated by the following basic quantities:
And W does not split into a direct product W e p + W e q with W ∈ P(q), and W ∈ P(p). Consequently, Aut(A) = Aut(A q ) Aut(A p.q )
• Θ 11 = {{p, p.q}, {1, q, q 2 }} then there is one rational S-ring A with Θ(A) = Θ 11 then: Bset(A) = {{0}, {K\{0}}, {G\K}} so every S-ring A with Θ(A) = Θ 11 has the form A = A p A q 2 . where A q 2 is indecomposable S-ring, and A is generated by the following basic quantities:
• Θ 12 = {{q, p.q}, {1, p}, {q 2 }} then there is one rational S-ring A with Θ(A) = Θ 12 then: Bset(A) = {{0}, {H\{0}}, {M \H}, {G\M }} so every S-ring A with Θ(A) = Θ 12 has the form A = A q A q A p . and A is generated by the following basic quantities:
• Θ 13 = {{1}, {p}, {p.q}, {q, q 2 }} then there isn't any rational S-ring A with Θ(A) = Θ 13 and every S-ring A with Θ(A) = Θ 13 has the form A = (A p A q ) × A p , and A is generated by the following basic quantities:
with subgroup in P(q 2 ), then we return to one of previous cases. Let now W does not split into a direct product of subgroup in P(p) with subgroup in P(q 2 ). We define
thus A is a s-subring in direct product of A q 2 with A p , and so G = Aut(A) ≤ G q 2 × G p is a set of pairs g = (g , g ) acting on Z pq 2 with g ∈ G q 2 and g ∈ G p . Thus we have two cases:
. Thus:
= W and then G = W Z pq 2 .
Assume now G H(Z pq 2 ) then there is at least g 0 = (g 0 , g 0 ) ∈ G such that g 0 = (g 0 , g 0 ) / ∈ H(Z pq 2 ). Thus, at least one of the components, for instance,
Thus, W splits into direct product of G 0 ∩ P(q 2 ) ≤ P(q 2 ) and G 0 ∩ P(p) ≤ P(p). this contradicts to our assumption that W does not split into direct product. and so our assumption G H(Z pq 2 ) is false. Thus G = W Z pq 2 
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